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Abstract: In a color matching experiment, the colors of two
stimuli might match perfectly to one observer. However, to
another, those same two stimuli might not match depending
on the spectral characteristics of the two stimuli and each
of the observers’ visual responses. This phenomenon, that
any two observers perceive color matches differently, is
termed observer metamerism. Only recently have differences in the factors that affect the spectral response of the
human eye been quantified to a degree such that observer
metamerism can be realistically modeled over a representative population of human observers. From the statistics of
these factors, a large, representative group of such observers—each said to be metameric to a standard—was created
in terms of LMS cone spectral responses. Using analysis of
variance and error propagation, as suggested by Nimeroff,
this sample set was reduced to a complete colorimetric
description that includes mean color matching functions
along with variance and covariance functions. This simplified representation is then applied to creating arbitrary sets
of color matching functions, such as the CIE 1931 and
1964 observers, and their covariance functions to allow the
practical characterization of observer-metameric mismatch
gamuts for any nominally metameric stimulus pair. VC 2015
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INTRODUCTION

In a color matching experiment, the colors of two objects
might match perfectly to one observer; yet to another,
those same two objects might not match depending on
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the spectral characteristics of the stimuli and each of the
observers’ eye responses. This phenomenon that no two
observers perceive color the same is termed observer
metamerism. In order to characterize fully this phenomenon, Nimeroff et al.1 presented what they considered a
fundamental procedure for describing “a complete standard observer system [that] should contain not only the
mean spectral tristimulus functions derived from the
color-mixture data, but should contain, also, the variances
and covariances of these functions as derived from the
within- and between-observer [variability] of the colormixture data.” From this description, “the extent to which
a normal observer tends to make different matches on
successive attempts, and the extent to which different
normal observers vary one from another” can be
quantified.
Up until just recently, there was no way to measure
this variability reliably over a large enough sample representative of the human population. Instead, in 1931,
the CIE characterized a standard observer in the form
of three color matching functions that form the basis of
the measurement of color2 and a much later standard
deviate observer in 1989.3 It should be noted, of
course, that measurements and analyses of dispersion in
the original color matching data for the CIE standard
observers were made by Wyszecki and Stiles.4 More
recently, in a article on the molecular genetics of color
vision, Neitz and Neitz5 summarized their work and the
works of in vitro experiments of Merbs and Nathans6
and Asenjo et al.7 that determined the effect of certain
amino acid substitutions along the X chromosome
strand on the spectral tuning of the L and M photopigments apparently discretely shifting their peak spectral
response. These results are shown in Fig. 1 illustrating
the widely accepted discrete (and possibly multimodal
or bimodal) nature of their respective relative
responses.
However, the results of Sharpe and Stockman8–10 show
that both L and M cone peak wavelengths, when considered as part of a full eye, have a more continuous range
1

Fig. 1. Discrete L (red), M (green), and S (blue) photopigment absorption by genotype from Neitz and Neitz5 normalized to equal area.

of variation due to differences in ocular media transmittance, cone shape, and pigment density. Thus, continuous
unimodal distributions of cone peak wavelength are used
in the present models. It is possible that further advances
in measurement precision and volume will allow such a
model to be refined to a multimodal or bimodal distribution in peak wavelength of the L, and perhaps M, cones.
Their baseline cone spectral response functions (sometimes called cone fundamentals) were then derived as
illustrated in Fig. 2. From these results, the CIE Technical
Committee 1-36 of Division 1, Vision and Color, published a report in 200611 on their estimates of the cone
fundamentals for an average normal observer as a function of age and field size with corrections for the aging of
the lens and the density of the macula (Fig. 3). The CIE
2006 functions, however, do not address individual variations in color matching (only changes in the mean functions with age and field size). Further relevant analyses of
variation in color vision and color matching have been
completed by Webster and MacLeod12 and Vienot.13

Fig. 2. The LMS photopigment absorption from Sharpe
and Stockman8–10 normalized to equal area. The mean
functions used in the computational model are shown
together with plus-and-minus three-sigma curves.

COMPUTATIONAL MODEL OF COLOR MATCHING
FUNCTIONS

The color matching experiment used here to derive estimates of color matching functions with monochromatic
primaries can be characterized as a system of three linear
equations with three unknowns at each wavelength given
that a unit of energy of wavelength, /, is matched by
RGB amounts of three monochromatic primaries of unit
energy at wavelengths /R, /G, and /B. Equation (1)
defines this system where Tl and Tm, are the spectral
transmittances of the lens and macula respectively, L, M,
and S, are the cone photopigment absorption functions,
and R, G, and B, are the spectral tristimulus values.14
Solving Eq. (1) for R, G, and B at each wavelength
results in the determination of a set of color-matching
functions for the /R, /G, and /B monochromatic
primaries.


 

 Tl ðkÞTm ðkÞLðkÞ   RðkÞTl ðkR ÞTm ðkR ÞLðkR Þ1GðkÞTl ðkG ÞTm ðkG ÞLðkG Þ1BðkÞTl ðkB ÞTm ðkB ÞLðkB Þ 

 


 

 Tl ðkÞTm ðkÞMðkÞ  ¼  RðkÞTl ðkR ÞTm ðkR ÞMðkR Þ1GðkÞTl ðkG ÞTm ðkG ÞMðkG Þ1BðkÞTl ðkB ÞTm ðkB ÞMðkB Þ 

 


 

 Tl ðkÞTm ðkÞSðkÞ   RðkÞTl ðkR ÞTm ðkR ÞSðkR Þ1GðkÞTl ðkG ÞTm ðkG ÞSðkG Þ1BðkÞTl ðkB ÞTm ðkB ÞSðkB Þ 

Lens Spectral Transmittance
The lens spectral transmittance function in the color
matching function simulation is derived from the twocomponent model of Pokorny and Smith.15–17 According
to the two-component model, the lens spectral transmittance is made up of one component, TL2, that remains
stable after age 20 and a second component, TL1, affected
by aging. Average lens transmittance functions are then
computed as a function of observer age, A, using Eq. (2)
2

(1)

for observers between the ages of 20 and 60 years and
Eq. (3) for observers older than 60 years.
Tl ¼ TL1 ½110:02ðA232Þ1TL2

(2)

Tl ¼ TL1 ½1:5610:0667ðA260Þ1TL2

(3)

To represent a population of observers for a Monte
Carlo simulation of color matching functions, the
observer age, A, was randomly selected according to the
COLOR research and application

Fig. 3. The individual, mean lens transmittance according
to Pokorny and Smith16 with plus-and-minus three sigma
functions from the computational model.

probability density function defined by the histogram of
ages in the population of the United States during the
2000 census (Fig. 4).
In addition to this age dependence, the lens transmittance has random variation between observers of identical
age that Pokorny and coworkers15–17 characterized in
terms of a variation in the age predicted by the model for
observers of a given age. This variability, expressed in
terms of age in the two-component model was found to
have a standard deviation of 20% of the actual age. This
added variability is represented in the Monte Carlo color
matching function model by first selecting an observer
age randomly from the census-data distribution, and then
randomly perturbing that age according to Eq. (4).
A ¼ Acencus 1d

(4)

A is the age ultimately used for a random individual
observer in the simulation, Acensus is the age initially
selected from the census-data distribution (limited to the

Fig. 4. Age distribution in the population of the United
States during the 2000 census.
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Fig. 5. The individual, mean macular density function,
Dm;Bone from Bone et al.18 along with plus-and-minus three
sigma functions from the computational model. Note that
the minus three sigma function is effectively zero density
across all wavelengths.

range from 20-75 years), and TM is a normally-distributed
random variable with a mean of 0.0 and standard deviation of 0.20Acensus. The sampled result, shown in Fig. 5,
is essentially to low-pass filter the census data histogram.
Macula Spectral Transmittance
The macula is an ovate, yellow pigmented area covering the fovea that subtends 2 where observers fixate
objects of interest. It should be noted that the macular
density is nonhomogenous across this region and varies
significantly from observer to observer. It protects the
fovea against the harmful effects of sunlight. The baseline
macular pigment spectral density (converted to transmittance for the simulation of color matching functions)
function used is that of Bone et al.18 These data are similar to others that have been published and described by
Berendschot and van Norren.19
Berendschot and van Norren estimate that the standard
deviation of peak macular density is 0.13. This value
along with a normal probability distribution was used in
the Monte Carlo simulation. It was assumed that the variability across observers is multiplicative in density in
order to preserve zero density values for all observers at
the wavelengths where the macular pigment does not
absorb light. The Bone et al. data17 have a peak macular
density of 0.352. Thus, Eq. (5) was used to scale the
baseline macular function randomly to represent various
individual observers.


0:3521d
(5)
Dm ðkÞ ¼ Dm;Bone ðkÞ
0:352
Dm is the individual macular density function, Dm,Bone
is the average function of Bone et al.17 illustrated in Fig.
5, and TM is a normally distributed random variable with
a mean of 0.0 and standard deviation of 0.13. Van de
3

Fig. 6. One thousand LMS photopigment absorption
functions representative of the human population and normalized to equal area.

Kraats et al.20 have described a two-component model
of macular pigment density that might suggest a more
complex model of variance in the macula could be
derived. For the purpose of this work, the singlecomponent, multiplicative in density, model appears
adequate.
LMS Cone Photopigment Absorptance
The variability in cone spectral absorption across
observers has been studied recently through both genetic
and psychophysical techniques.8–10 In these studies, the L
and M photographic pigment absorption functions are
summarized in a population of observers as a statistical,
normal distribution of peak wavelengths with the L cones
having a standard deviation of 1.6 nm and the M-cones a
standard deviation of 2.5 nm. Note that this assumes
unimodal distributions of cone peak sensitivity that are
not supported by the genetic suggestion of discrete cone
variations. However, this is the best, and most effective
model currently available given experimental uncertainty
and other variations in cone responsivity such as pigment
density. Improved models of cone photopigment statistics
might well be generated in the future. The S-cone
response is taken to have no variability between observers
since any variability will be small compared to the variability caused by the lens and macula transmittance functions. Again, improved data might allow future
refinement of this S-cone model. These standard deviation
estimates come directly from the data of Sharpe et al.8
and are slightly different from some other suggestions. It
is almost certain that more accurate estimates can and
will be made in the future.
The L and M photopigment absorption functions were
randomly selected by transforming the baseline photopigment absorption functions from wavelength (nm) to
wave-number (cm21) then shifting the baseline additively
so that their peak wavelength coincides with the respec4

Fig. 7. One thousand LMS cone fundamentals representative of the human population normalized to equal area.

tive sampled, peak wavelength. This wave-number representation is consistent with the work of Dartnall21 and
Wyszecki and Stiles4 illustrating that absorption curves
typically retain their shape across changes in peak wavelength when represented on a wave-number scale. Others
have illustrated that the shift of spectral absorption curves
along the wave number axis might not preserve curve
shape for visual pigments.22,23 However the shifts utilized
in this computational model are quite small, so any discrepancies would be small enough to not impact the final
results. The resulting LMS photopigment absorption for
each of 1,000 randomly selected observers is illustrated in
Fig. 6.
LMS Cone Fundamentals
The S, M, and L cone fundamentals are then computed
via Eq. (1) for 1000 simulated individuals randomly
sampled from those statistics of cone photopigment
absorption, macula density, and lens aging that affect the
spectral response of the human eye. Observer metamerism
is then quantified over a representative population of
human observers using Monte Carlo analysis techniques.
Figure 7 illustrates these LMS cone fundamentals
shown as blue, green, and red respectively. The dual
peaks observed in these functions are due to the normalization to equal area and the shifting values of ocular
media density. No single function has dual peaks (beyond
the small “shoulder” sometimes observed in the shortwavelength functions due to the features of the macular
pigment density). It should also be noted that overlapping
plots of 1000 functions can be misleading because a few
extreme functions are visually represented in the same
manner as the majority of functions near the mean. It
should be carefully noted that the dual peaks are not due
to so-called beta-band absorptions in the cone photopigments, which are much less significant and at much more
discrepant wavelengths.
COLOR research and application

length. The LMS covariance matrix is given in Appendix
A (available in the Supporting Material online) in 5 nm
increments of wavelength.
Figure 9 illustrates their respective correlation coefficients qij that relates the covariance rij ðkÞ to the variances r2i ðkÞ and r2j ðkÞ given by:
rij ðkÞ
qij ðkÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2i ðkÞr2j ðkÞ

Fig. 8. Mean LMS cone fundamental spectral absorption
(solid lines) normalized to a peak absorptance of unity and
the square root of their variance (dotted lines).
THE NIMEROFF APPROACH AND THE ANALYSIS
OF VARIANCE

Now, having the LMS cone fundamentals for a representative population of individuals derived as in the above, it
is now possible to describe Nimeroff’s complete standard
observer that includes the between-observer covariance
RLMS across the 1,000 observers given by1:
 2

 r ðkÞ rLM ðkÞ rLS ðkÞ 
 L



2

RLMS ðkÞ ¼  rML ðkÞ rM ðkÞ rMS ðkÞ 
(6)


 rSL ðkÞ rSM ðkÞ r2 ðkÞ 
S
for r2i ðkÞ the variance in L, M, S, and rij ðkÞ the covariance between LMS cone fundamentals at each wavelength k across the 1000 representative observers. Figure
8 illustrates the mean spectral absorptance of the LMS
cone fundamentals averaged across the observers normalized to their respective peak values and the square root of
their respective variances in 1 nm increments of wave-

(7)

According to Burns and Berns,24 “[the] fact that the
three [LMS cone responses] overlap at various wavelengths introduces correlation into the error . . .” as illustrated. And furthermore, according to Nimeroff, et al.,1
“. . . a positive correlation coefficient implies that if an
observer uses more (or less) than average of one instrumental primary in making a match, he uses more (or
less), respectively, than average of the other primary,
also. Conversely, a negative correlation coefficient
implies that if more (or less) than average of one primary
is used, less (or more), respectively, than average of the
other primary is used.”

Propagation to Color Matching Functions
Since any arbitrary set of color matching functions
Wk;x ; Wk;y ; Wk;z analogous to the CIE system can be
expressed as a linear combination of the LMS cone fundamentals, Nimeroff’s complete description of the standard observer in terms of the LMS cone fundamentals can
be extended to a set of arbitrary color matching functions
by the following.
_






 k1 k2 k3  Lk 
 W k;x 






_



_






W ¼  W k;x  ¼  k4 k5 k6  M k  ¼ KX
(8)





 k7 k8 k9  Sk 
_

 W k;x  
2
_

for W the mean color matching function of the represen k Sk jT ,
tative population of observers, and X ¼ j Lk M
and their mean LMS cone. Solving using an estimated
least squares fit to the CIE 1931 Standard Colorimetric
Observer gives:
_

K ¼ W XT ðXXT Þ21

(9)

where XT denoting the transpose of the vector X.
For the purpose of this analysis, within-observer variability is assumed the same across all the observers.
Hence, the between observer covariance matrix Rxyz given
by:
 2

 rx ðkÞ rxy ðkÞ rxz ðkÞ 




Rxyz ðkÞ ¼  ryx ðkÞ r2y ðkÞ rys ðkÞ 
(10)


 r ðkÞ r ðkÞ r2 ðkÞ 
zx
zy
z
Fig. 9.

LMS cone spectral correlation coefficients.
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where, omitting the k notation, the variances are given by
Nimeroff1 as:
5

Fig. 10. Estimated 2 observer (solid line) and CIE 1931
2 observer (dotted line) spectral tristimulus values.

r2x ¼ k12 r2L 1k22 r2M 1k32 r2S 12ðk1 k2 rLM 1k1 k3 rLS 1k2 k3 rMS Þ
r2y ¼ k42 r2L 1k52 r2M 1k62 r2S 12ðk4 k5 rLM 1k4 k6 rLS 1k5 k6 rMS Þ
r2z ¼ k72 r2L 1k82 r2M 1k92 r2S 12ðk7 k8 rLM 1k7 k9 rLS 1k8 k9 rMS Þ
(11)
and the covariances as:
rxy ¼ k1 k4 r2L 1k2 k5 r2M 1k3 k6 r2S 1ðk1 k5 1k2 k4 Þ
rLM 1ðk1 k6 1k3 k4 ÞrLS 1ðk2 k6 1k3 k6 ÞrMS
rxz ¼ k1 k7 r2L 1k2 k8 r2M 1k3 k9 r2S 1ðk1 k8 1k2 k7 Þ
rLM 1ðk1 k9 1k3 k7 ÞrLS 1ðk2 k9 1k3 k8 ÞrMS

(12)

rxz ¼ k4 k7 r2L 1k5 k8 r2M 1k6 k9 r2S 1ðk4 k8 1k5 k7 Þ
rLM 1ðk4 k9 1k6 k7 ÞrLS 1ðk5 k9 1k8 k8 ÞrMS

Fig. 11. Mean spectral tristimulus values for the estimated 2 observers normalized to a peak value of unity
(solid lines) and their square-root variances (dotted lines).

in Appendix B (available in the Supporting Material
online) in 5 nm increments of wavelength.
In the same manner as in Eq. (9), an approximation to
the CIE 1964 10 Observer color matching functions xk ;
yk ; z k can be computed as a linear combination of the
 k ; Sk , of the sampled
mean LMS cone fundamentals Lk ; M
representative population of cone fundamentals as given
below and illustrated in Fig. 13.


 1:7749 21:07386 0:3537 





K ¼  0:4362
0:6706
0:1374 


 0:1063 20:1747 2:0154 
The corresponding covariance matrix can then be computed according to Eqs. (10)–(12). The CIE 10 XYZ
covariance matrix is given in Appendix C (available in
the Supporting Material online) in 5 nm increments of
wavelength. Note that the fit to the CIE 10 observer
functions is not as good as the fit to the CIE 2 observer

APPLICATION OF THE NIMEROFF APPROACH: THE
CIE 1931 AND 1964 OBSERVER

Solving for K in Eq. (9) for the CIE 1931 2 Observer
color matching functions xk ; yk ; z k gives:


 1:7457 21:1476 0:3367 




K ¼  0:4347 0:6461 0:0411 


 0:0693 20:1125 1:8550 
The estimated mean 2 standard observer is plotted in
Fig. 10 against the CIE 1931 2 Observer.
The covariance matrix Rxyz can then be obtained from
Eqs. (10)–(12). Figure 11 illustrates the estimated mean
_
_
_
2 Observer spectral tristimulus values x k ; y k ; z k from
Eq. (8) and the square root of their respective variances
from Eq. (10), and Fig. 12 illustrates their respective correlation coefficients given by Eq. (7) in 1 nm increments
of wavelength. The CIE XYZ covariance matrix is given
6

Fig. 12. Correlation coefficients for the CIE 1931 color
matching functions.
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Fig. 13. Estimated 10 observer (solid line) and CIE 1964
observer (dotted line) spectral tristimulus values.

functions. This is because the computational model was
derived and implemented for small-field properties of
color matching (e.g., 2 cone fundamentals, presence of
macular pigment). To make a more proper estimate of the
variation in color matching for large fields, the computational model would need to be modified to include field
sized dependency as in the CIE 2006 model.11 For the
moment, simply applying the same covariance functions,
linearly transformed, to various mean color matching
functions is adequate and a huge improvement over the
current state of affairs of using no covariance functions at
all.

PRACTICAL APPLICATION: THE MATCH/NO
MATCH CONDITION

As an illustration of an application of the covariance
matrix representation, a number of patches from the XRite Color Checker Chart were rendered to two displays,
a Sony BVM32, CRT, broadband display and an Apple,
LED backlit, LCD, narrowband display. The pairs were
rendered to match for the CIE 1931 standard observer.
Then, solely from the covariance matrix derived for the
CIE 1931 Observer and the differences in the spectra of
the rendered pair, a procedure is derived and applied to
quantify and draw the 95th percentile ellipsoid in the
degree of miss-match in CIELAB across the representative population of observers when comparing two displays
of differing spectral radiance properties.

Fig. 14. Spectral radiance of Patch 6, bluish green, of the
X-Rite Color Checker Chart rendered to two displays, an
Sony BVM32 CRT display (solid line) and an Apple, LED
backlit, LCD display (dotted line), such that they match for
the CIE 1931 2 Observer.

with concentrations of each primary C ¼ j cr
given by:

cb jT

C ¼ M21 XYZ

(14a)

M ¼ m  diagðLÞ

(14b)

where:


L¼m 
Yn

21  Xn

1


Zn 
Yn 

(14c)

for XYZn ¼ j 95:047 100:000 108:883 j the CIE D65
white point tristimulus values:


 RX GX BX 


 RY GY BY 




m¼ 1
(14d)
1
1 


 Rz Gz Bz 


R G B 
Y

Y

Y

and for R, G, and B the tristimulus values of each primary given by:
G
B
B¼
Gx 1GY 1GZ
Bx 1BY 1BZ
X
(14e)
0
0
R ¼ jRx RY RZ j ¼ k k j xðkÞ yðkÞ z ðkÞ j2 Pr ðkÞDk

R¼

R
Rx 1RY 1RZ

G¼

0

G ¼ jGx GY GZ j ¼ k
0

B ¼ jBx BY BZ j ¼ k
Rendering

cg

X

j xðkÞ
k

X
k

(14f)
0
yðkÞ z ðkÞ j2 Pg ðkÞDk

j xðkÞ yðkÞ

(14g)
0
z ðkÞ j2 Pb ðkÞDk
(14h)

For the CIE XYZ values of a patch and each display
with respective primaries j PðkÞr PðkÞg PðkÞb jSony and
j PðkÞr PðkÞg PðkÞb jApple , the patch is rendered as
stimulus S:
SðkÞ ¼ cr Pr ðkÞ1cg Pg ðkÞ1cb Pb ðkÞ
Volume 00, Number 00, Month 2015

(13)

0

where Dk is the wavelength interval (1 nm), j x y z j2

the CMFs
P for the CIE 1931 2 Observer, and
k ¼ 100= k yðkÞDk. Figure 14 illustrates the resulting
spectral radiances for patch 6, bluish-green and each
display.
7

Derivation of the CIE L*a*b* Covariance Matrix




0





 500  X 223
¼ 
 3Xn Xn





0


From Alfvin and Fairchild,25 a covariance matrix RXYZ
in CIE XYZ tri-stimulus values between the two stimuli
can be computed from the covariance matrix Rxzy for the
set of CMFs in XYZ primaries of representative observers
obtained from Eqs. (10)–(12) according to:
jr2X ðkÞ r2Y ðkÞ r2Z ðkÞ rXY ðkÞ rXZ ðkÞ rYZ ðkÞj
¼

Rk DSðkÞjr2x ðkÞ

r2y ðkÞ

r2z ðkÞ

0

0

rxy ðkÞ rxz ðkÞ ryz ðkÞj Dk

  2
116 Y 23
3Yn Yn
  2
500 Y 23
2
3Yn Yn
  2
200 Y 23
3Yn Yn

(15)











0




 223 
200 Z

2

3Zn Zn
(18)
0

for DS ¼ jSAppleLCS 2SSonyBCM32 j the difference in spectral
radiance of the two stimuli. Then:
 2

 r ðkÞ rXY ðkÞ rXZ ðkÞ 
 X



2

RXYZ ðkÞ ¼  rYX ðkÞ rY ðkÞ rYZ ðkÞ 
(16)


2
 rZX ðkÞ rZY ðkÞ r ðkÞ 

and XYZn ¼ j 95:047 100:000
white point tristimulus values.

Then, assuming spectrally uncorrelated error within each
observer,25 the effect of the overlapping color matching
functions, derived in the above, on the systematic error or
accuracy between metameric observers can be quantified.
A correlation across wavelengths could be added to the
model, but it would provide little gain in performance in
exchange for a significant increase in model complexity.25
From Alfvin and Fairchild,25 this systematic error as
expressed by the covariance matrix in CIE L*a*b* for a
color stimulus of CIE XYZ tristimulus value is given by:

Then, having the covariance matrix RLab for the
differences in CIE L*a*b* between the two stimuli
across the sampled representative observers, a solid
ellipse of X ¼ ½ DL Da Db  values about the mean
satisfying26:

Z

RLab ðkÞ ¼ MRXYZ ðkÞM

0

(17)

where:


 0



 d
M ¼  a
 dX


 0


d
L
dY
d
b
dY
d
b
dY



0 



0 



d
b 
dZ

108:883 j the CIE D65

The 95th Percentile Solid Ellipsoid

2
XT R21
Lab X ¼ X2 ðaÞ

(19)

has probability of 12a for X22 ðaÞ the chi-squared distribution having two degrees of freedom. For 95% confidence,
a ¼ 120:95 ¼ 0:05 and X22 ð0:05Þ ¼ 5:99.
Converting to polar coordinates X ¼ DC½ sinccosa sinc
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinacosc for DC ¼ ðaÞ2 1ðbÞ2 the difference in
chroma, Eq. (19) becomes:
DC2 ½ sinc cosa sinc sina cosc T
R21
Lab ½ sinc cosa sinc sina cosc  ¼ 5:99

(20)

or:

DC ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5:99=½ sinc cosa sinc sina cosc T R21
Lab ½ sinc cosa sinc sina cosc 

Figure 15 illustrates the resulting estimated ellipse in
Da* and Db* for six (6) of the 24 X-Rite Color Checker
Chart patches compared with the individual differences
for each of the representative population of observers and
their 95% confidence ellipse.
It is noted that the 95th percentile ellipse from the population and that from the analysis of variance are in the
same order of magnitude, but not exactly equal, simply
because the assumption of normality is not strictly held,
and there is some correlation across wavelengths and
within a single cone response that is also not modeled.
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Another specific example is that the Monte Carlo analysis
sampling of the cone response variability was done in
wave-number, not wavelength. Hence, one would not
expect it to be normal in wavelength as they are unrelated. Further, the 2000 Census distribution for age is not
normal, nor is it even a function of wavelength. Given
these shortcomings of the Monte Carlo model and the statistical error propagation model, it is quite remarkable
that the simplified prediction of confidence ellipsoids is
such an accurate predictor of the individual observer predictions (which require substantially more computational
work to obtain).
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Fig. 15. The variability in the sampled differences, Da* and Db*, computed from the individual CMFs for each of the population of 1,000 observers (the individual points denoted as “o”), their 95% confidence ellipse (dotted line), and the estimated 95% confidence interval from analysis of variance (solid line) for a selected subset of patches from the X-Rite
Color Checker Chart.

SUMMARY AND CONCLUSIONS

Observer metamerism was realistically quantified over a
representative population of 1000 human observers using
Monte Carlo analysis techniques that sample relatively
recent statistical data describing the differences in the factors that affect the spectral response of the human eye.
This sample set was then reduced to a complete description that includes its mean LMS cone spectral response
functions and their variance and covariance using the
analysis of variance procedure suggested by Nimeroff in
1965.1
From this description, a procedure is given for expressing an arbitrary set of color matching functions as a linear
combination of the mean LMS cone spectral response functions and their variance and covariance. This procedure
was then applied to the CIE 1931 and 1964 standard
observers thereby providing their respective variance and
covariance over a representative population of human
observers. These functions can be used, along with the CIE
standard observers to predict metameric color matches for
the average observers along with 95% confidence ellipsoids
on the range of color mismatches for various humans with
normal color vision. These ellipsoid ranges (or mismatch
gamuts) depend both on the properties of the observers
(quantified in this article) and the spectral mismatches of
the stimuli in question (the application).
Finally, metametric pairs were rendered from a selected
set of patches in the X-Rite Color Checker Chart–one to
a broadband CRT display and the other to a narrowband,
LED backlit, LCD display. The pairs were rendered to
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match for the CIE 1931 standard observer. Then, solely
from the covariance matrix derived for the CIE 1931
Observer and the differences in the spectra of the pair, a
procedure was derived and applied to quantify and draw
the 95th percentile ellipsoid in the degree of miss-match
in CIE L*a*b* across the representative population. The
resulting ellipsoid was shown to be within the same order
of magnitude as the computed differences in CIE L*a*b*
for each of the 1,000 observers, and a 95th percentile
ellipse derived from the covariance matrix for these computed differences. The differences in the ellipsoids were
accounted for by noting deviations from normality in the
original Monte Carlo analysis sampling process.
These applications demonstrate the utility of the Nimeroff representation that he characterized as a complete representation of the standard observer or any arbitrary observer.
From this representation, many other applications are possible. The design of toners for paint, dyes for printing, or the
primaries of a color display can now be easily evaluated
and perhaps optimized for observer metamerism. Observer
metamerism can now be quantified for specification in
color standards in terms that are measurable. At last, the
system that Nimeroff proposed in 1961 has been fully quantified and accurately implemented for CIE colorimetry. It is
perhaps time that the CIE recognized the importance of
variance-covariance functions to be paired with mean color
matching functions and proposed a new standard for colorimetry that includes both or an extension of the CIE 2006
model for cone fundamentals that includes variancecovariance functions as well.
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